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ABSTRACT 
It is shown that for a cyclic operator on a finite dimensional Hilbert space, 
arbitrary spectrum is obtainable by means of a one-dimensional perturbation. 
For vectors h and c in a Hilbert space H, let h@ c denote the I-dimen- 
sional operator 
(bc3c)x=(x,c)b 
The purpose of this note is to give a coordinate-free proof of the following 
result of Wonham [2]. 
THEOREM. Suppose dim H = n < cc. Let A be a linear operator on H and 
b E H. Let A= {X,, . . ., A,,} be an arbitrary set of complex numbers. Then 
there exists c E H such that 
a(A+b@c)=A 
if and only if b is cyclic for A. 
This is called the pole-assignment theorem and has significant importance 
in linear systems theory (see [2]). It is hoped that this new proof will lead to 
generalizations of Wonham’s result to infinite dimensions. 
LEMMA. Suppose b is cyclic for A, and let { X,}t= 1 be a sequence of 
complex numbers in the resolvent set of A. Then { (hk - A)-lb}“,= 1 is linearly 
independent in H (dim H = n). 
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Proof Suppose 
n-1 
(X,-A)-%= 2 /I$-A)-%. 
i=l 
Without loss of generality we can assume ,Bi #0 for all i. 
Then 
n-l 
Akb= 2 &(&-A)-‘(A,-A)Akb 
i=l 
for k=O , . . . ,n. Since b is cyclic for A, 
n-1 
Multiplying by (hi - A) * . . (A,_ 1 - A), we get 
where (& - A) = (hi - A) _ ‘(hi - A). + * (A,, - A). This implies that A satisfies 
an equation of degree n - 1, which contradicts the cyclicity of A. H 
REMARK. It is clear that this proof holds also for n = 00. 
Proof of Theorem. Suppose b is cyclic for A, and let c EH. The 
eigenvalues of A + b C3 c satisfy 
Ax+(b@c)x=hx. 
This is equivalent to 
(X-A)-‘b= &x, 
which is equivalent to 
((A-A)-‘b,c)=l 
-all of these under the assumption that h @ a(A). 
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Suppose h={X,,..., A,}. We can assume o(A)n ;2=(21. If not, just 
decompose A into a direct sum A,@A, with a(A,) = o(A) n A and a(A,) = 
a(A)\a(A)n 12. 
Now since {(A, - A)-%}“,= i ‘: 1 15 inearly independent, it is obvious that we 
can choose a unique c such that ((XI,-A))‘h,c)=l for k=l,...,n. Then 
a(A+h@c)=~‘L 
Now suppose A={h,,...,h,} ‘. 15 a distinct set. Choose c such that 
a(A + h @ c) = A and let {xi }r= 1 he the corresponding eigenvectors. The 
previous computation shows that 
Since (hi - A) - ’ is a polynomial in A, 
and this implies b is cyclic for A. n 
REMARK. As was seen in the proof of the theorem, the eigenvalues of 
A + h@ c are precisely the points where the function 
f(z)=((z-A)-‘b,c) 
takes on the value 1. If dim H < cc, this is just a rational function and its 1 
points are easily determined. If, however, H is infinite-dimensional and A is a 
compact operator on H, then this function has an essential singularity at the 
origin. It thus seems more appropriate to redefine the resolvent of A as the 
operator-valued meromorphic function 
R(x)=(Z-ZA-‘. 
Then if A is compact, R (z) has no essential singularity in the finite plane. 
LEMMA. z(A+b@c)f=fifand only $((I-zA)-‘h,c)=z. 
The proof is just a simple computation and is omitted. 
Thus if g(x)=((Z-zAP1b,c), then {~,}V{0}=u(A+h@c) if and only 
if {z,} is the sequence of all fixed points of the meromorphic function g(z). 
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It follows that the perturbation problem is equivalent to finding the com- 
plete set of fixed points of the meromorphic function g(x). 
This problem includes as special cases a large number of classical 
problems in complex analysis and theory of moments, and seems quite 
difficult. To demonstrate this we present the following example. 
EXAMPLE, Let H= L”[O,2n], A be the Volterra operator 
bW(4 = @t!dl> 
and h the constant function 1, which is cyclic for V. Noting that (I - zV)-‘1 
=e a the perturbation problem becomes: Given a sequence { G}+OO, does 
there exist c E L’[O, 2n] such that 
has (2,) as its set of fixed points ? For a solution of a special case of this 
problem see [3], Chapter 7. 
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